The metal-dielectric interface supports surface plasmons. But the metal-dielectric interface with defects has not only surface plasmons but also residual waves. In this paper we calculate the fields along the metaldielectric interface with defects from Maxwell's equations analytically using the surface impedance approximation and study the asymptotic behavior of the residual waves. These analytic results set up a solid foundation to understand various phenomena such as beaming and extraordinary optical transmission. DOI: 10.1103/PhysRevB.80.155407 PACS number͑s͒: 78.66.Bz, 42.25.Fx, 73.20.Mf, 42.25.Bs In 1998, Ebbesen et al. 1 reported a phenomenon named as extraordinary optical transmission ͑EOT͒: the transmission through a metal film perforated with two-dimensional subwavelength hole arrays can be much larger than the standard aperture theory prediction.
In 1998, Ebbesen et al. 1 reported a phenomenon named as extraordinary optical transmission ͑EOT͒: the transmission through a metal film perforated with two-dimensional subwavelength hole arrays can be much larger than the standard aperture theory prediction. 2 Served as simpler models, transmission through one-dimensional subwavelength metallic slits is studied too, which include the cases of gratings, [3] [4] [5] one-slit structures, 6, 7 double-slit structures, 8 and one-slit structures with grooves. 9 It is commonly accepted that the surface plasmons excited along the input and the output surfaces play an important role in the transmission.
Surface plasmons 10 are electromagnetic waves bounded along a metal-dielectric interface through their interaction with the free electrons in the metal. In the two-dimensional x − y space, suppose x = 0 is the metal-dielectric interface. Then the surface plasmon has H polarization ͑E x , E y , and H z are the nonzero components of the electromagnetic fields͒ and the field along the interface is H z ͑y͒ ϰ exp͑ik sp y͒.
The surface-plasmon explanation was criticized in some aspects. First, it was found that perfect electric conductors ͑PECs͒ also support EOT ͑Refs. 11 and 12͒ and a flat PEC surface does not support surface plasmons. Second, surface plasmon describes the fields along a flat metal-dielectric interface precisely but not the fields along the interface with indentations ͑slits or grooves͒. To get better fitting results in the area close to an indentation, Gay et al. 13 gave up the surface-plasmon explanation and assumed that the surface wave excited by an indentation has the form H z ͑y͒ ϰ ͑ / y + ͒cos͑k surf y + ͒ ͑the indentation locates at y =0͒. Other groups also realized the surface plasmon alone is not enough. [14] [15] [16] [17] They decomposed the surface wave into two parts: H z = H sp + H c . H sp is the surface plasmon and H c is the residual quasicylindrical wave. It was verified numerically that ͉H c ͉ ϰ 1 / y 1/2 when y is small. 14, 15 In this paper, we calculate the surface wave along the metal-dielectric interface with indentations from Maxwell's equations analytically. We support the decomposition H z = H sp + H c and study the asymptotic behavior of the quasicylindrical wave. We explain the connection between the surface waves along the metal surface and PEC surface. Figure 1 shows the structure we are studying: a dielectricmetal interface with grooves and slits. The left half-plane is metal and the right half-plane is dielectric. Surface impedance boundary condition ͑SIBC͒ ͑Ref. 18͒ is used to describe the interface here. SIBC is commonly used to replace the metal when
Here ⑀ m and m are relative permittivity and permeability of the metal; ⑀ d and d are of the dielectric. Silver has relative permittivity ⑀ m = −8.5+ 0.76i at = 500 nm ͑ is the wavelength in free space͒. 19 So the silver-air interface can be described by SIBC up to 500 nm. When becomes smaller, ͉⑀ m ͉ becomes smaller and we have to give up the approximation. When ͉⑀ m ͉ goes to infinity, the fields calculated from SIBC converge to the real fields.
SIBC says the fields along the metal-dielectric interface satisfy
Here n is a unit vector normal to the interface pointing into the dielectric; Z m = ͱ m 0 / ⑀ m ⑀ 0 . Along the metal-dielectric interface x = 0 in Fig. 1 , the boundary condition is
Suppose no incident waves coming from the dielectric side in Fig. 1 , using the mode expansion method, 20 we can prove the surface fields along x = 0 satisfy
͑Color online͒ Schematic representation of a dielectricmetal interface with indentations in a two-dimensional space.
The Green's function is
− / 4͒. Z s = 0 when the metal is PEC. k d and d is the wave vector and the wavelength in the dielectric. k x is the x component of the wave vector of the plane waves in the x Ͼ 0 half-plane. The plane waves propagate or decay along +x direction, so
Since E y ͑yЈ͒ + Z m H z ͑yЈ͒ = 0 at the metal surface, Eq. ͑1͒ is equivalent to the expression
͑4͒
So the surface wave is decided by the fields in the indentations. When the width of an indentation is much smaller than the wavelength, the fields at the exit of the indentation are close to a delta function. Then the Green's function describes the surface wave excited by the indentation. If the indentation is wide, we have to know the fields inside the indentation to calculate the surface wave. Though the surface wave around the indentation is complex, the Green's function still describes the surface wave in the region more than several widths away from the indentation.
Above we have shown the surface wave along the output surface of slits. It is easy to prove the fields along the input surface have the similar form. They are the summation of the surface wave excited by indentations plus some terms related to the incident and reflected waves. The surface wave excited by indentations can also be calculated by other methods, 21 but the Green's function method uses less assumptions and gets precise results. We have no need to assume the existence of surface plasmons beforehand. They will emerge from the Green's function automatically.
Define
Now let's focus on the nondimensional Green's function g͑s͒. The square-root function is defined as arg͑ ͱ 1−h 2 ͒ ͑− / 2, / 2͔ because of Eq. ͑3͒. g͑s͒ is an even function. We choose s Ͼ 0 here.
When s → 0, g͑s͒ diverges but
We moves to the complex space of h to do the integral in g͑s͒. The integration path is shown in Fig. 2 Here h p is a pole: ͱ 1−h p 2 + Z s = 0. The integral variable is changed from h to q along the vertical parts of the path, h =1+qi and q ͓0,ϱ͒. Again arg͑ ͱ 1−h
In the second term, the integrand contributes significantly only when q ͑0,1/ s͒. So we neglect q 2 when s տ 1. Then
All the calculations below base on the approximation expression of Eq. ͑6͒, which is good when s Ͼ 1. But our numeric simulation results show the approximation works very well even when s is smaller than 1. We will also prove that Eq. ͑6͒ gives the same asymptotic result as Eq. ͑5͒ when s is very small. So the approximation in Eq. ͑6͒ is precise for almost any s.
The first term in Eq. ͑6͒ is the well-understood surface plasmon g SP ͑s͒. The second is the residual quasicylindrical wave g C ͑s͒, 17 which need further study. Define
Re(h)
Im(h) We now compare the amplitude of g SP and g C . Since g SP decays exponentially, g C will be stronger for sure when s is very big. But in practice, h p is close to 1 with a very small imaginary part for good noble metals. So ͉g SP ͑s͒ / g C ͑s͉͒ Ϸ͉I͑s͒ / 2͉. Figure 3 shows ͉g SP ͑s͒ / g C ͑s͉͒ along a metal-air interface when ⑀ m = −31.39+ 2.22i, which is the relative permittivity of silver at = 852 nm. 19 If the metal is lossless, I͑s͒ is a function of ͉Y͉s, which is the horizontal axis in Fig.  3 . We can find the quasicylindrical wave is negligible when ͉Y͉s Ͼ 0.1.
Put the results together, we have
The piecewise function below gives good approximation about the Green's function,
The metal-dielectric interface is divided into three regions based on the surface distance: the near region ͉͑Y͉s Ͻ 0. It agrees with the PEC's Green's function with Hankel function form. 11 When s is very small, ͉g C0 ͉ ӷ ͉g SP ͉, we can neglect g SP and return to the result in Eq. ͑5͒.
The fields along a metal-air interface are calculated numerically using the commercial finite element method software COMSOL Multiphysics. The simulation area is similar to Fig. 1 but without the groove. The incident wave comes through the slit in +x direction. The fields along the output surface are recorded and compared with analytic results in Figs. 4 and 5. The slit width is 0.05. The relative error of the simulations is around 2%. The analytic results in the figures are calculated by Eq. ͑4͒ by replacing G͑y , yЈ͒ with the different simplified forms of the Green's function shown in the legends. We assume that E y ͑yЈ͒ + ZH z ͑yЈ͒ is constant at the exit of the slit and the value is taken from the numerical simulations. There are no fitting parameters in the analytic calculations.
In Figs. 4 and 5, the real and imaginary parts of H z are plotted in the range y ͑0.1 ,40͒ at two incident wavelengths. We always plot the simulation results along with the analytic results from g SP + g C and the two curves always wavelength is = 500 nm. The permittivity of the metal is set as ⑀ m = −8.50+ 6.00i with a big imaginary part to suppress the surface plasmon in the far region. Since ͉Y͉ is big here, the near and intermediate regions are short. g SP + g CB gives good analytic results when y Ͼ 2. Figure 5 shows clearly that the quasicylindrical wave decays as y −3/2 in the far region.
Our analytic calculation also proves g SP ͑s͒ + g C0 ͑s͒ is a very good approximation of g͑s͒ for a good noble metal at visible wavelengths. [15] [16] [17] It is the approximation we used in the near region. In the far region, we have proven g C ͑s͒ is negligible; so is g C0 ͑s͒. In the intermediate region, this approximation is poor. But the intermediate region is short and it is difficult to notice the fitting error.
In EOT research, the interesting surface area is normally between / 2 and 100. For a good noble metal at visible wavelengths, the area belongs to the far region and surface plasmon dominates. When wavelength increases and ⑀ m is more negative, the metal surface converges to the PEC surface in two ways: ͑i͒ the near region becomes longer and ͑ii͒g C0 becomes stronger comparing with g SP in the near region. The whole surface works like a mixture of PEC and metal surfaces and ͉Y͉ servers as a good index to describe the mixture state. Reference 14 shows the converging process graphically. Both metal and PEC surfaces support the strong slow-decaying surface waves; so they have similar phenomena such as EOT.
In this paper, we have analyzed the surface wave along a metal-dielectric interface excited by an indentation. We get the asymptotic forms of the wave far away from and close to the indentation. Based on the surface distance ͉Y͉s, the interface is divided into several regions and the surface wave behaves differently in every region. The complete description of the surface wave would give us deeper understanding about light transmission mechanics through metallic apertures. 
